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INDETERMINATE FORMS
.8 —_—
i -
. Art-1. Indeterminate Forms
| We have carlier pointed out in the beginning of this chapter that while E.u_:p::m
, limits, we may come across the situations m M.. @ -0, 0.0, 0" " 1% which are
’ called indeterminate forms. For evaluating the n.oz.zm . we use L" Hospital's Rule whicl,

1s given below.

Art-2, L’Hospital's Rule .

Statement, If f; g are two functions such that

, M Lt f()= Lt g=0

N (i) £(x), g'(x) both exist and g'(x) = OV x € (a=d,a + ), &> 0 €XCept possibly
¢ at x =g,

exists (finitely or infinitely), then Lt AL Lt L5 .
Y- m:.: v=ra T..A:

(ir) Lt E
| r=a g'(x)

Proof. Let us define two functions F and G such that

Mu Hdv = .\-A.ﬂv- v X mAa l.@.ﬁ + nuv. Xzq
0 . X =q

G (x) = wMAV. Vyeu=-90.a+0). x2a

» X=a

Let x be any real number such that a<x<a+d then

L. F, G are both continuous in[a, x)

N
v LUF() = LU f(x)= 0= F (a), etc|

- X-=ra _
2. F, G are boty derivable in (a, x)

3. G'is not zero anywhere in (a, x).

Fand G sausty all the conditions of Cauchy’s Mean Value theorem

-

495
ERMINATE FORMS

WET

__\.\m,la“Mx__m:. atleast one real number ¢ € (a, x) such that

F(x)-TF(a) _ F'(c)
G(x)-G(a) G'(e)

f(x) _f'() 1)

—=

g(x) g'(c)

Nowwhen x=>a+, c=>a+

where t <c<x

or

.. from (1), we get,

AW fe SWw
xa+ g(X) coa+ ge) x-a+ g'x)
L ' 2
oL Wl LW e
) v a+ g(x) x—ae g'(x)
B - vl-u
Similarly Lt AL Lt /=) ()}

x—ra- g(x) x—=a- g'(x)
. From (2) and (3), we get,

PR B C)
toa glx) v-a g'(x)

Note 1. If Lt I (x) again takes the form = . we repeat the process or use Taylor's
v=a g'(x) 0

Theorem.

Note 2. L'Hospital's Rule when x = o
This rule holds even when x - =, Tts statement is @
If £, g are two functions such that
(H Lt fx)= Lt g)=0

K=+ o =p X
Q1) f' (x),g' (x) both existand g’ (x) # 0 V¥ x> 0 except possibly at «
I JAC J'(x)

exists, then Lt Lt
Ve g(x) o gl(x)

(ifr) Lt
v ox gl(X)

N

Same rule holds when x = — o,

494

S

. \

. Sy tanx N
Note 3. Standard results Lt =1, 1t =1, Lt (1+x)' = ¢ et
| X=»0 X >0 X X )

_ should be used before applying L' Hospital's Rule.

Note 4, Sometimes, we shall be using standard expansions in evaluating limits of the form
0 . - _
3 The use of expansions reduces the labour of differentiating time and again. So readers are

advised to remember the following expansions. We shall be using these in some of the
illustrative examples.
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Some Standard Expansfons, . .
% S N - i
i ) .—
SN -
(i) siny=x- ﬂom (W) cosv] u —I.
v 2\ | ,_ + H»I
(v) _.._5‘34..|ulqlﬂml..: (vi) tan X T 3 15
2 1 4
1 B i e
(vir) log (1~ a)=y 3 3 g
o
(vit) log (1= x)~ - R 1 R
- Hex?
A X .
(i) (1l+x)" s.xumlo w.u $ ins (near v < ()
0
Art-3, Indeterminate Form F

We give some examples to explain the method

ILLUSTRATIVE EXAMPLES

s
i 0 1 -cos™ v
Examiple I, Fvaluate Lt ————e—

>

e ) sinyt

; l-cov’ « [0
Sol. Lt — —— = _:::.
URULU Lo

2unxcos x
2an.
= 1 —_—

[ of L* Hospial's Rule)

t=+ 0 vcos vt
s : ;
- 11 ::rc.f.‘ ¢ s sin x L o8 X :_M
t=0 xcos x° ver X '.-:nca._u |
s ]
x
vl —— e, Mt cos ks __
oo 0 Y R ]
1.
~ 1 -1
Example 2, pv e =T s ol e
: 2+ Evaluate 1 = og v) o
ea ) xsin v (CGoN.DLUL 2004)

’
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lN_C“:__nb " —_ A..zA.. !V—Cv:_vﬂw
sina Vo ld ..u
e =t = 2log(l e \)
- Lt 7 B ',
V-0 0 t
L .._ - : .N_:x:...:
- -.."C -N
A-h ’N~V—IO—AWA'
+ X
w L1 —
« 0 b1
et -l ¢0|.~.ll. 2
! I-l4=
Lt Usg) 1,2
v 0 2 9 b «l
n:a_._nu. Evaluate : 14 sinx - cos :_or:- :
+0 vtan®y
: 148y ~cos 1+ log (1 ~y)
A
uo—..‘.a _...5...~

1+siny-cos x+Jog (]-~ux) v Y

= Lt
a0 e tan x
. 1 +3inx-cos v +Jog (1~ 1) 3
L ) x (1)
X .
S 143 =-cos x+log (l-x)
v e —_
1
COS X ¢8I\ ~ e
= 1t LoX
[ uau
-::..8:-:!.|~
= | fi=s)
X Ox
nnc.....:.:nllulu.
- L (1-x) ..4_-oc~. k| 1
' 0 6 6 6 "2

-
Eample 4, Prove that Lt E u m.

t-0 nu 2

\
| wman———
st

T .y

v osIny

0 .
|w form

0

.m form
L0

Lt - = |
+U fan v

0
—= foun
0

= form
0

- [orm
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L - ' 0
Sol. Lt x¢ —bg(l+x) Itis of the form — bat let us use _..zsu.::oL
-2} -u 0 i
/ N \ ? 1 \
. i \ \ |
lvs v e —4 I~fx=—+—-.
2 by 2 3 )
= Lt -
v+ 0 Y-
( ) M SR NE AZT
L A R R e R Rl o
\ 2 (2 3)
= Lt ~
-0 -
. LR Y x )
w.lo.hlt ~.~Io|¢...
2 6 2 6 )
= Lt —— = Lt =
t-o0) . r -0 x°

3 ;
\2 + terms containing x and its ngher vcsn:w

X
- ﬁx—
= 0
(3
Y
R IR |
i A
2 2

-~

X

A\
« Lt | =« terms contaming x and 1ts higher powers
> g

|
i

. l+sima)? - (1-sinv)
Example 5. Evaluate It { )
\ t - ) 4
L] L
) 1
- + 5 - -
Sob, 1 ALRANE) - (§-sinx)
A0 Y
1 [ 11
1 1 __ | W3
*—NNY e - =gty
3 '3 ;
i E
= 11 : 1 ]
vV -al) x
u::_ 10 n’
= - ==sin"
g | Nl : 2siny 10 sinx ,
e - g LN e
Y Iox 8l x
2 10 2 2
=== 1040 —_—— -
3 81 3 3

‘-1

-+ 0 bcos by

acos 0 axl «

beos O hxl b

() Lt n.l...l_.
[ 1] X

[ADETERMINATE FORMS 499
m%::._o 6. Evaluate the following limits :
. r
sin ax 3 e -1
i Lt = (i) Lt
~ 1— 0 sinbx =0 X
 § n
1~ 1+x)" -1
@ Lt — (iv) Lt (
=0 5" 1 t—0 X
log x x—tany
(v) Lt & (viy La
=1 x-1 ~ x50 X=SInX
1-cos x X —sinx
(i) Lt = (vii) Lt = :
L0 X - ) X
¥ =X &
-0 =2X log (1+x)—x
(i) L - = vy Lt —
10 X-sinx r—=0 l=cosx
“siny-v-al
ax clsiny - v -
(i) Lt log (1-x)cot— (xii) Lt : =
x=0 2 =0 ¢ +xlog (1-x)
t 2 LU any
(xtn) Lt i (xiv) Lt = = -
=Y x* x-+0 X=smt
y |
log (1-x° - sin.!
(vv) Lt vlgulv (xv) Lt L
20 logcos x x= 0 3
(vsinx)?
-1
T - an -y il L xcos x = log (1 + x)
(0 T-sY =0 o~
a' -x° Voo .
(v Lo II. () Lt —m—,
teva " Ly r=1 1-x+logx
sin ax 0 \
Sol. (f It — _
) v-e 0 sinhe 0 fasmmy
. [y dcosax

* of L' Hospual's Rule]

(2 )

[« of L'Hospital's Rule]
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l"
LI 0 .
() It - ] Al _9:;
=0 p* _ 0
T
T [~ of L" Hospital's Rule)
10 5" Nogh
a° loga logu
- s = =log,a.
b logh logb
(1+x)" -1 (0 o )
() -—..“ . . \5 ?::_
n-|
= I n{l+x) [ of L" Hospital's Rule|
=0 1
=n(1-0)" 'en
0 L L (0 sa_w
s -] 0
1
o It P_ [~ of L Hospual's Rule|
t-e )
= Lt k] . 1. : '
11X I
- 0
(vi) Lt . ml ?..:.,_
=20 Y=8INX 0 J
- gec? [0
- L1 Lk L. = ri___
v~s0 l~cosx Lo
) 2 1 AR
. L ..ruonauann:han . 1L Coy ..ns. U ovos t
= sinx - d sny
-2 -2 2
= L T B ey e W ]
t=*Ucos "y cos’ 0 1
. 1-co (
(vir) . _l” 5 I,u“ _«r..c». _,:3_,‘
. }
= |t llllu_= - = .M. Lt I«:— A = |m. x| = h
v-20 2x 2090 x 2 2
. A= Ssiny o
(vire) ! _..«.c ————— “rl _o:i
X }] /

FTERMINATE FORMS

-1
et -2,
:,—.v rn [ (& X

1-»0 X—sinx

Ly -I—l
Lt ¢ [§ 2

———

xr—+0 l-cosx

I

- —u— n.a.lﬂlu
x—»0 sinx
X -\
-y S 2 _N4L .
t-+0 €OS X 1
! +X)-.
Anw —!- E
100 1-cos x
. ! -1
- Ly e
-2 0 smy
_ | 1
2 2
. W (1+x) - (1+0) e,
E=»0  COS X |
) x)
) Lt _om:|.:no_|~
1~ 0 N
- L log (1-x)
T-s0) ax
13N ~—
2
-1 -1
= Lt 1-x = 1-0 VII—"IW
10 AN A 2 a b4
Monnq Nunno Iu.

2

(n) Lt e'sinr-x-x
.1o.4~+.1om:|:

501
e
~ 2 1-cos x (0.
= = h.m form |
0 347 ‘
= L ..I&: : \..w _.czsw
t=»0 6x fo
. . |y SBE_ |_.
=0 0 6

hw form
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b -
L} | S o
¢ cosx+esiny-1-2¢ {0 \ log (1-x7) 0 \
= .l—. Vv —np . ﬁl o
n—..uc - \3 c:i (xv) e Toucons 5 _c:.:\
Ix-——+log(l-0) .
1-x
. ¢ -2x -2x
L el cosx—e'siny+el sy +e €osx =2 — : o
(-l , -x 1-x(-0 1 = L =2 - 1-x (= form
Ay T v=0 _ SINXY .,y —tany 0
(1-x) . cos x
Lt 2¢ cos x =2 ho o 0 uv .
i — -X -2)=2x(- ;
-0 5 _ 1 _ 1 0 o::‘_ ( ~¢ J.fA M\; =)=
(-n* 1-x = Lt flea ) =1l _ >
1= 0 _ 2 -1
secT x
Lt 2(¢'cos x-¢'smx) 2(1-0) 2
(=0 2 1 T -2<1 3 (o) Lt X =simny - i X-sinx
- ul 3 10 I... =0 3 -
(I-x)" (1-x) (xsinx)? o ﬁm:_;m
< vyl : \ i ;
(xur) Lt e :.... form !
] o 0 ) L £~ B0 % L sin 1
- 1 L] I —=]
3 A
. ccosxre snr-1-2x [0 il S o0y ]
= F.N ) ~rl m.Oqg
1= 0 3l [ - 1-cos x 0
= L Ay
=0 1 2 orm
v X ' v Ix )}
y v . >
. Qg fCosY-e wnrec sncec covx-2
= b 2 oqq Snx g, cosx )
' v 0 ox V0 g ...N.
.1 2¢" cos x -2 ) \ i
. ;.._c = _,ﬂ ?3; (oi) Lt r-tan  x 0 3
fs 0 =Sy Hno. .c_._i
- i N?.nc«.‘n...:sizw:..sz._l . 1
- ) 6 6 3 ” 1 1+ -n 0 \
W - ok | — hl f
AR LY | i - Q) —lf.Ou. X om
o p S (2 tom) | o
v X = smy Lo ix
— Y
PLENEN 18 . A—o n:_- O
. [ 2 cos ¥ (0 ] « Lt —_— ﬁll-
el 1-cos v (o o) vof  slax 0 A
2 sy 4 " (- —u-u.mlw.a.wﬁ—é 4u— 2x
- It ¢ - cos” ve e s *.c. ; ¢ 2 4 —
Y- 0 sin x ..M_:B. ! = (lex*)
cos X
& it ».. l-.v_:a.ﬂ:mah o».t.:.uncn.nws ¢ & g™ m-:,an»ua.'o..:... cosy , ) s
-2l cosy 2(1+ x -.,luw.— 2-0
1+ x°
1-140+0+1 = Lt grsl e =2,
MR ey, : 1 i -0 COs X 1
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—— 4
(evifi) Le €08 X —log (1+1) ﬁc " gxample 7. Evaluate the following limits ;
: - - fo
t=0 x* 0 ::\ sinhx — x D %
_ 0 Mo @ L Bt
I Mo e . J SIN.X — XCOS X x—=2bh .»:—. I??
= :c 1+x ﬁl fiitm
x> 2x \Q X low l-x
; @y Lt e' —2cos x+e” " @ Lt AL '
- —ein s el m - iy .
. XCos X - sinx m.:....+||:+.3~ 0-0-0+1 | t=0 xsinx x>0 tanx — x
x>0 2 = 2 =5 - sinhx — x 3
p 2 2 N Lt 0
1. -_— =
. Sol. () Pt T o 16 ot ho q.oﬂi
(riv) Lt mm _.o:i
1=sa g _ 4 0 - L cosh x -1 + of L"Hospital's Rul
. &® lowar—g3"] *—0 cos x + xsinx —cos x o i ospital’s Rule]
= t —m—
T 01t (14]ogy) 5 - Lt cosh x -1 ﬂo )
1 dv x>0 xsinx m —G_.:._,W
Put ‘—.HH‘A. oo logy=xlogx = |Fh.ﬂ.hk_onn 1
» dx X ik - Lt sinhx -0
ol ) i x>0 xcos x+sinx
= — = iy v
e (1 togn) L sinh x 0
- . . t -
e au ~Om5l«~.as__ 1 _ aa _ow:.lan . X—0 XCOS X + sinx ﬁd. -.c::.J
—a"(l+loga)  —a“(1+loga) :
. cosh
_ loga-1 loga -1 = qfo - = = i HP
lgul_ioan.. 20 —xsinv+cosx+cosx O+1+1 2°
o
b x
x 5 x =b .
(o) Le —% =X 0 G Lt SR
hl.g hnm _.oﬂsu x—=Db o f?._. m_o_.:.;
X b=1 b
- 1 Xlvignot | - L, b lsh [+ of L Hospital
x> -1 +M ” x> b .a_.:+_ow.310 . ospital’s Rule]
X |
Put J 1 &y 1 _ k
ut p=x" = Y
T oeytlogg. = v dx Eak = +logx.1 “ Let p=x%, .. logy = log x* w.
- } L 1 dy y
dv = logy=xlogy = .ll.ln.a..m.4,on.—.._ !
> — =x"(I+logy) ¥ dx % ) d
dv = ! dy _ i
o | = Hl.« (1+log x) |
X" x—+(1+logx).x* : d
= Lt X = v X :+_OWHV b U&r_ Uv b b
=1 1 g o= —b logh = b” -b"logh 1-logh
- en— ! a = !I'n
i b” (1+logb) - %C;Lowg 1+logh
- ~X_+ —+O st -
| : _vx~:+9u_+_ulw \ (inp Lt e —2cosx+e = It " —2cos x+e” " ﬁ x /
= - " -0 1 .
1 w ¥ xsinx X0 $2 Eemy
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. i1 €' —2cos x4t [ Lt
X0 2 ﬁ *05in0
- Lt ¢+ 2snx-¢" (0 \
. .:flu N l _cs:_
e L S t2cosxaet 14241 4
‘;.-c 2 2 2 -
-z
ety log “ L | .
@) It \ ¢ ) - 1y & tlog(l-x)-loge
v 0 lanx - x 1—+0 unx - x
.
w la £ tlosli-x)-1 (2 forecd
£ =0 anxy-x ﬁc .c:j
P 0 .
- fﬁ _,1 2 ﬁl form |
0 et i-1 0 /
t —  { —
¢ - = ¢ - —— )
« L (1-x) - Lt .._u.: ﬁo form |
=02 secx.secxtanx—0 r-s0 2secictany VO 7
n.h e &
- Lt -’
*7 U 2[2 secx.secxtanx.tan v« sec? xoscc? 9|
wo V=2 _=l_ 1
200+10) 2 27
Example 8. Evaluate the followmng limits
| [ L
v \ N [ w-
() Lo af-b Gy Lt
L _D X LI —DW X
& -1 -1
L [ :
Sol. (n Lt ul=bt gy at-bt hl ?5:
pia = X . 1 0
log log
-1 -1

| 1
1 = 1
a’ logu. &I.m.,dl?_._cm&. |4v
- Lt y .
X-bw | :::_..._
t

:..:
v=1

!

A
! INDETERMINATE FORMS
w, 507
i a’loga b*logh L
1] 2 I~ =
i = L x* x? = Lt 4'loga-bviogh
XI—>x 1 = X
: x(x~1) x-1
_ ' _
i - Lt a:omnlo._omvluoualﬂomv
g 1 = 0 =loga-logh =log ~
—— — ’
Tn—. 1-0
X
(i) Do yourself by taking =2, h=3,
Example 9. Evaluate the following limits :
1-cos x2 log (1+x°
0 L S () 1o Red+y)
*=0 »°sinx® =0 gin'x
N (e' -1 Esn.« =
(i) Lt Ilw () Lt I!nomr a. =3
. t-+0 X ] xsmy
.. TERT m:::tw::
; t=*0  rsinTx
| 2 I -cos x2
: - COs X - €Os
I g L
_ =0 xPanxt o0 G002
| | —
1 —.s
| oy Mo RTRE L
el .—,L 2= 0 X"
- F\— .I'l.IN,’»-w——_»ﬂN ﬂ.—' —.— Iﬂ—Baﬂu "P)pﬁl“n.
[ = U 4y 210 x* 2 “
_N log (1+x) log (14 x")
() 1Lt = 1 1
vl SN x 1= 0 h) sin"x
S
)
x
) .
. L log (1+x7) Lo MY,
e 0 .ﬂ.u -0
Y
Ix*
3 1 1
| & =
= 1 QM =Lt = 1.
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-
] (e* —1)yt2n’x e -1 _:k:)_
(ur) 1Lt = 1 —x }
.l > t—=0 X \ox .
'S -
ﬂnl.— i L Ubal )
= Lt — - =1
10 X R A
x
c 1
= 11 —=—==1.
x—0 1 1
cosh X —COS X cosh x —C0s X
(n) L1 - = L . 3
x =0 xsinx r—0 5 fgmx)\”
. ]
\ox
cosh 1 —CO§ X i sinx
= L - - C =1,
-0 x- : te¥ox
simhresmx (0
= 1z — form!
1—0 2x +0
cosh x-cosx 1-1 2
= Lt = =— =1
Tt =0 “ N N
smmhxy —smzx smhx-smx
M L ———= L — 3
x—=9  ygm~a s—=% Sfsmx)"
x" 1 i
\nox /
oo s H i F
- L sishy-smyx g m....n.
-0 H.- ‘ Y
o -
S coshr-gosx _ L smhr-sman
T—l \uuu .t G1
cosh r-oosx i1-1 2 1t
= 1x = S e T
z—% 6 6 (.

Example 10. Evaluziz the followmg limzts

cos x ! l-cos x
t1) 11 — (/) Lt —
. 0 P maTz
29
1 2
S0 X -2
(i) 1 —- {15} r. —_—
I L TE
o008 x
Sel (1 L1
x T
._|04-N|lu
—SiZa X
= 11 = 11 snx=sa— =1
v R T 2

— form

JADETERMINATE FORMS ] 509
1+cosx (o form |
:5 Lt 5 AM Q—.ﬂu\-
T3 p@pn°x '
: —smnx —smx
i = Lt ————= Lt ge——
t 1> Junxsec’y 1—x 2smx 1
‘ CosS X ﬂOmuN
w L]
: 1 1 1
Q = - Lt costx=—o(-1)7 ==.
i Jzox 2 2 A
{ : 0 }
M () LI ——— "2 form|
i T—* X~ xX- .-o /
w = Lt ncw = [~ of L" Hospial's Rule]
1=~
3 2
w =2 [Vx-zcos x] =0.
M X—e T+
t ak _ a1 \
! B B S hm form |
M. r—= 0+ h 0 J
4 h 8
3" log3-2 log2
: = :o = 1 = [~ of L" Hospital's Rale]
) X -5 -
2V
, =2 Lt Jr 3% 1g3-2"022)=0.
10~

Example 1}, Evzluate the followmg -

1
L < 1
. lex)t = (Il-1)f —e~—¢x
" .—n.nu. x) < (&) H-o . 2
I - x-
”_ (l-x)* lq#.._..nul.wzn
i (miy Lt < 24
' r —C 3
x
Sol Let y= (1-x)°
3 il
< g y=lz(l-x) nﬂ—om:on.
1 ,\ = P = ! x x° .x°
"|m~||'||lllll4:._ “ﬂlool-l..llll -
XL 2 S = J 2 3 E)

e T
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.‘w u i A_oi.x—..ﬂ:;wmaah
2l ) Lt = P
Sology =1 ey, fvznTu.m.ulu'.«l... (1) x—0 A
2 ) 4 X
r S | P A T 1 LI
. Ver ! LI ! «h_nluo..l- -—x'+ . j-escex-TTEl
e 2 =¢. ¢ =e|le—4—=+ *... ) 24
’ TMENE T R TR 2
x-—0 uu
2 3 -
Y 1+ .‘4% . wo_hu‘na ulod 1.3
| GeoyTe. —— e e—d bt ——X +..,
, 2 3 4 202 3 4 ) = Ly _16
w ; 0 nu
M + i1 2 fuulnnlu..f . + Lt 7 d 1ts higher s.nJ.n
w AR . . X |._|m«+_2duno2u===m~5 its higher po _
7 7
1 =——e+0=-—c¢
- T._.TTT& &2 A-w-.,.-lu = 16 16
2 38 4 6 48 )
| . x(l+acos x)-bsinx :
H 1 M3 7 3 ‘# Example 12. Find the values of a and b so that Lt N 3 exists
= -—— i P o o L4
el ua4~.»u _o« +...H - n.
and equals 1, (G.N.D.U. 2003, 2008}
_ -3+ . |
= ell-—x+...|-¢ x(1+acos x)-hsinx (o p
g = — form
(n Lt A+x)* ~e _ 1y 2 S u—u.uo ? ‘o y
X0 x X560 x ’ .
x(-asinx)+ (1 +acos x).1-bcos x . .
lHqu + terms contains x° and higher power of x = Lt - 3 (- of L* Hospital's Rule)
- Lt 2 . . x—=0 Ix
xr—0 X ) 1 b
—axsinx+1+acos x—bcos x
s L= Lt A1
x50 whu. h
1 . <
= _n'n Y terms containing x and uts higher power Now denominator of R.H.S. of (1) is zero when x = 0. Therefore, in order that given
: X { limit may exist finitely, it is necessary that numerator of R-H.S. of (1) 1s also zero at x = 0.
e .Mn.+c.u |Me. m —-a(0)sin0+1+acos0-bcos0=0
! | -
, ' , i 1+a-b=0 .2
“J - 1 ﬁ 1 11 > 1 : .
(I+x)* —e+—ex ejl-—x+—x |:.u|q+l: Assume that 1 +a-b=0.
up Lt 2 = L 2 24 2
x>0 2 T xS0 2 ’ —axsinx+1~acos x—-bhcos x 0 \
X X L= Lt - ﬂl form |
. . ! e’ e \9 form |
b]
—ex" +...
= Lt 24 ~a(xcos x +sinx.l) —asinx +bsinx
X0 2 | = Lt
X ’ =0 6x
- L | s contaliiing » and its b _ —axcos x~2asin + bsi \
+>0)73s e + terms containing x and its higher powers = Lt i M o B N..m form
20 6x N :
»
= —ln.o.onh.
24 24 5 , .
. _,
- 4
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511 BRILUIANT CALCU g g
> i —~a(lcos x - rsinx) ~2acos v+ heos v
100 6
w ~a(l.1-0)-2a()+hl) _-a-2ash b-3a
. 6 6 6
Now L =1 (given)
{ b=
: B me— ]
d [}
‘ > b-Ya=b - b=6+1a )
Substituting b= 6 + 3 an(2), we ger,
lvag~6-3ag=0 or -2a=~$§
s
Q™= -
2
15 3
Sofrom(3), b6 — = -=
om ) 7 3
S 3
Sowehave g = b,
2 2
,“ Example 1). (0If 11 nis .,=:=. be finste, find the value of a and the linut
. » 0 X
: (1) Find the values of a and b so that
- |
i Lt Al o L L custi and equals o
] £’ A

\
sncsaxehy’

({t) Gaventhat L

t -2 1

i fimte, find aand b

.

tlashcot 1) - csinx
cunty
.
X

(V) Determune the values of a, b, ¢ so that Lt
el

and equalsto |

ac¢' =bcos veer '

(V) Determune the values of @, b, ¢ so that L1 sty and
19 0 TN Y
equals 2. (P U 2000
» -5
" te’ =b <
L0 0 1yl =), finda b
) =2 0 ylany
. sin2y + a )
Solo () Let L~ 1t o_. L. “m _25_“
s ) \ \ J
s L i 2008 Qv+ igcas v
L - R ——
[\ Ix 3 SELL

[ of L’ Hospital's Ruke]

72..4;,_7»:” Forws 513
;
Now denomnator of RH.S. of (1) is zero when x = 0. Therefore i order that given

it may €ust fintely, it 1s necessary that numerator of R H.S. of (1) 1s also zero atx = 0.
s 2c080+acos0=0 = 2+0=0 = a~-2

Assume that a = -2

SoL= Lt llllnnomudlmnow X w F:L
[ ] uau c
.y ZHindct2einx (2 form)
e bx 0
- Lt -8cos 2v+2¢cosx =842 -0 .
r-s0 6 0 (]
A
() Let L= Lt *{1~ocos x) + bsimx . m _.ozi
r-s0 nu 0
- L x(asinx)+(l-acos x).1+bcos x .
-0 u-u
[+ of L* Hospatal's Rule]
: Le [ axsinx+l-acos x+bcos v

()

>
t-0 Iy

Now deoonunator of RHS of (1) 1 zero when x = 0. Therefore, in order that given

hmet may exist fintely, 1t 15 necessary that numerator of RHLS. of (1) 15 also zero at
=0

S l-ashb=0

.(2)
Awvsuncthat | - a<+b=0
axsiny + |l =acos x ¢+ hcos x 0 .
L= L = hl _o-_:g
Ao U.—c °
- g2 a(xcos v evnr)eannx =bhsiny
.0 O
o i axcos x ¢ Qaune-huny 0
e 62x ﬁﬂ ?:sv
- L acos a~axsnreacos x-hcosx a-0+2a-h Ja-b
e () nv O i (]
1
Now | B % (given)
Ya~-b .
o 2224l & yu-Bey
6 1
> b«la-2 A3

m.-/r
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BRILLIAT CALCy —én._n_ﬁ:/ ATE FORMS 1
4 -bsinx-hbxcos x —bsinx +csin x 0.
Substituting b = 3 g - 2 1n(2), we get, Now L= Lt — form;
\ s 1=-»0 chu Y
1-a+3a-2+0 = 2a=1 » a= = .
2 Le Lt -bcos x~bcos x + bxsinx - beos x +ccos ¥
s from (3), wn.uu..ulu_d : x—+0 60x* .
._ _. _ Now denominator of R.H.S. is zero when x = 0. Therefore in order that given limut
<o wehave a= 7 - may exist finitely, 1t 1s necessary that numerator of RH.S. is also zero at x = 0
e . 5 sh=brbrewul » pm3p (3
(i) Let L= 11 ssnﬁnmovu ﬂm ?::q Wow L Tk ~-3bcos x+bxsinx +ccos x
ro * r—+0 Sku
z b i nﬁu.nuuvu < - L 3bsinx + bsinx +bxcos x - csinx 0 _.c-_:J
10 $x ‘ L 0 )
x40 120x
{*s of L' Hospinal's Rule) f 3bcos x + beos x - bxsinx + bcos x - ccos x
Now denomunator of RHS. of (1) 15 zeto when x = 0. Therefore in order that gnen , = .—u.m . T
lumit may exst finstely, 1113 necessary that numerator of RHLS. of (1) 1s also zero at x = 0
Lo lege=0 » g=-) * luv.vvloovl...lwvln
cos x -1+ 3bx? 0 f 12 15
<+ from(l), L= .Co . o ,.98\._ , Now L=1 (given)
- % _
i 5b - )
. L= L -sinx + Gbx hw —93,,. { ISlcan_ ® Sb-c=120 = Sh-3b=120 [ of ()]
h 10 205%° 0 J ,.
, ®  2h=120 e b=60 = c=180 [~ of(3))
- Lo gy SEEERE e o from(2), a+60-150=0 ® a=120
10 6Orx*

Now denomunator of RH.S. of (2) is zero when 1 = 0. Therefore 1a order that given
hmut may exust finately, 1t 1s necessary that numerator of RS of (2) i alwo zeto o
x=0

5 =1 4800 w hml

6
x(a+b - ( \
(v) LetL= Lt EIO s e Xy fw form |
-0 nu )] /
% x(~bsinx)e+(avbcos x).1-ccos x
=0 ) uhh
b it ~bxsinxeas+hcos x -ccos x )
r-+90 mu.

Now derominator of RH

S.of (1) 15 zero when x = 0. Therefore in order that gnen
lmit may exist finitely,

1t 1s necessary that numerator of RH S, of (1) 13 also zeroat = 0
avbh-c=0 A2)

S owehave a=120, b= 60, ¢ =180

57

) - K ¢ -\
ac ~bcos x+ce ae -bcos v+ ce
(v) Let L= Lt

« 1 -
t 0 X $in x 120 | ﬁw::w
’ X
| -
aec -bcosxece
L= Lt A1)
v-20 uu

e I —

Now denominator of RH.S. of (1) 1s zeto when x = 0.
bmat may exnt finately, it s necessary that numerator of R.H

Sa-berc=0

Therefore 1n order that given
S.of (1) s also zero atx = 0

-(2)

L] . -
ae +hsinx-ce
L= It

T-»0 2x

Now denomuator of RH.S. of (2) 18 zero when x = 0. Therefore in order that given
imut may exust finitely, it 1s necessary that numerator of R.H.S. of (2) is also zero atx = 0

a-¢=0 or a=¢ A3
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a+b+c
L AT =
2

3 -\
ae’ +bcos x+ce

L= Lt
x=>0 2
a+b+c “9

2
= c+b+c=4

Now L=2 (given) =

2> a+bh+c=4

—)

[ of (3))

= b=4-2c¢ . -4y
Putting a = ¢ from (3), b=4 -2 ¢ from (4) in (2), we gebs
¢-4+2c¢c+c=0 = c=1

a=1, b=4-2=2

wehave a=1, b=2. c=1.
i) LetL = Lt ° e’ —beos y+ce™ . ¢’ —bcos y+ce™

y =0 ytany y o0 )2 [lan _v)
y
L= g & e’ —bcoi v+ee D

¥=0 y

~ Now denominator of RH.S. of (1) is zero when y = 0. Therefore in order than given
limit may exist finitely, it is necessary that numerator of R.H.S. of (1) is also zero aty =,

a-b+c=0

ae’ +bsiny-ce™”
2y

L= Lt
y—0

o Now denominator of R.H.S. of (3) is zero when y = 0. Therefore, in order that given
hnn.t may exist finitely, it is necessary that numerator of R.H.S. of (3) is also zero aty =0,

a—c=0 or a=c

ae’ +bcos y+ce”

L= Lt _atb+c
y =0 2 >
Now L=3 (given) = % _3

> at+b+tc=6
= b=06-2c
Putting « = ¢ from (4), b =6-2 ¢ from (5) in (2), we get,

> ct+tbtc=6

c—6+2c+c=0 = 4¢=6 = c=i

-.'a=3, b=6-3=3
2

oW

we have a=%, b=3, c¢c=

2)

)

N 4)

[+ of (4]

.05)
—
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“Art-4. Indeterminate Form —
20

If fand g are two differentiable functions in the deleted nl?d. Nofaand g’ (x) #0
for all xin N. and .

() Lt f(x)= Lt g(x)=o

N=>a N=>a

(1) Lt /() exists, then Lt PACI. Lt 4 ,(X)
r—=>a g'(x) yoa g(x) x-oa g'(x)
Note 1. If Lt S ()
x—a g'(x)

till the limit is found.

. w A ]
again assumes the form — |, then L’ Hos

pital’s Rule is repeated
o0 e

-

2. Above result holds when x - © or X —=>— 00,

ILLUSTRATIVE EXAMPLESI

: log sin x
Example 1. Evaluate Lt .
' x=>0 cotx
log sin x
Sol. Lt —— (f form]
X = 0 cotx 0 /
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[NDETERMINATE FORMms

post 523
1
:i-r.cos X
= sin x ) X
‘Ij 0 7 "= Lt sinxcosye- Lt sinx. Lt cog X
=cosec t=0 X=0 v = ()
=-0X1=0,
Example 2. Evaluate [ 10g gin 2 ¢ sin x.
X =0+
Sol. Lt Jop. TR log sin x

¥ 0+ logsin2x

1

(2 o)

- L Sinx.cos 5 - L cos .rx sin 2x
x—0+ | 2cos 2x ¥ 0+ sinx 2cos 2x
sin2yx S
- L cosxx25inxcosx - Lt cos? x . -1
x= 0+ sinx 2cos 2x x—=0+ cos2x | '
t"
Example 3, Evaluate 1; X_ » N EN.
X3 ¥
n
Sol. ¢ X_ ®
X m ex — form
: 0
n-\
nx
= Lt —— (2 form
T o e~ \x
n-=2
- L nn-1)x 0
X o o = form
‘ nn—-1)(n-2)...2.1
I ( ) )
X = e~
-w bt Lo
R O T T
Example 4. Evaluate the following limits
' 2
.. 2 -
0 Lt tan x (i) I g (1-x%)
s XL tan 3x X1 cot Tx
log,x2 . ; 2
i) Lt (iv) Lt log tan“2 vy,
xr—0 cotz.r x—0 tan- x

(H.P.U. 2007)
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BRILLIANT CALQy g

—s
tan x 2
we__. AJ r— - HL SCC X
T.w_.. tandx x. 3sec?3x
b
1
¢ 2 1 nom?:
08" x <X
= Lt ==Lt 3
X, 3 3 L F, costx
y
? ncuuwa -
1 4cos’ 4
LT (4cos”x - 3cos x)
bl
3 xh . cos’x
2
! 2 : ] :
== L (4cos" x-3)" == (4 x0-3)=3
3 x 3
X~ —
2
-
Gy Ly ls(-x7) =
v-»1  cotax M?:&
-2x
> ]
-x* 2 sin® 1y
= Lt 1 u,_ =— Lt x. ~
vl _mcosectx T or-rl )yt .
3
2 sin® ax
== Lt xx Lt
T v T-» _|.—‘N
2 2asmaxcosxx 2
m—x]x Lt — X ()=
b4 - -1x x
— “
y ogx \
Gi) Ly 2B (& (o]
¢ s 0 ngu._. ,.n. _c:j
2
1 sin’
- L 3 "t —
x- 0 INno:no:nuq v 21 XCOY X
sin .. ... : 0
mnx | N
SO VI .1\ PP A PR sl
t=-s 0 4 cos X v a0 COS X 1
' ? _c.z:n.:
(" Lt log , wn2ce [ — .r
V-2 0 lan~ y v 0 _om an‘ v
logtan2 x x
- —rn V e Hl -.na
v= 0 logtanx x

ETERMINATE FORMS

) 515
\‘" —
2
.2sec“2x 2 t
-kt tan2x -2 L sec Nwax Lt u:pa
=0 — .mnhu.ﬂ x—0 sec’ v r— 0 anlx
tan x
1 wn%a 1
=2Xx-XxX Lt =2xlx— =1
1 x40 25ec2x 2
gxample 5. Evaluate the following limits :
E 4
log | x-—=
nooLt : @) Lt log(1-v)cot | =
( b anx x -]~ 2
X - —
2
1 -
aiy L elx-al @ Lt log, tan2x
—lno_owgaulnav x -0+ ’
14 -
ﬂomﬁullv
) @
Sol. () Lt ml _.oa.v
x fanx =
~I0M0
1
8. 4
x-— 2 L
= Lt Nu = It €08 X ﬁ| mo:.:u
ulv“0 SeC X nlv.H.o hlm. *
2 . 2 2 .
-2 in) ;
= 1t A nom:_snuvlyom ulu.mm_,_.H =0.
x \ 1 2 2
e Rt
Tx _n.vm (1-x) ’ mS u
L g (1-x)cot— = Lt —
() .-.~_._orA x) €0 7~ L T = form
tan —
2
-1 . ) TX
T-« 2 S
= 1 1-x w—-— 11 2 hm ?::u
Rl T 2TX A oxl- 1-x 0
2 2
|~noma|x&=mh T
2 T2 2°\2
=- = Lt
R x-»l- -1
nx X b S ¢
=_ —sin— = -2 x cos —sin—
LB T Tk e
=0.

-y
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S26 _\ ~ BRILLIANT CALCyy g

——
0'a)
(i) Lt —Bx—@) (E f"““)
X—a+ 10g (e" - ea)
1 :
X a . 0 -
e —¢€ e
= L 2=f4-= Lt —— (o f°”“)
x=>a+r ¥  x-=at (x-a)e
e’ —e”
X a
e
= Lt ° = AP
X—=a+ (x_.a)e" +e.\' 0+e
_ ' y tan 2.x D 5
() Lt log _ tan2x= Lt. gt (— ionn)
x = 0+ anx x— 0+ logtanx ©
i 12 _.25ec22x sec’2x ta
- L an2.x 7 . Lt 2: Lt ny
x>0+ - 1 .seczx - x50+ geclx Y0+ t§n2_x
tan x '
~ \
. 2
=ax1x Lt =¥ _o,xlay
: ¥ =0+ 25ec? 2 x 2
Example 6. Evaluate the following limits :
N log x log x
G) Lt =% () Lt —2Z 4 eN.
xX—>w X x> N :
log x .
Sol. (i) Lt L ) (2 form)
X —> X » ©
; |
x -1
o Lt - = Lt -— = 0 ’
t—>® ' v w X
. log x- R
(7)) Lt n . (ﬁ form)
X\ —> o0 yx oc
1
¥ 1 1
= Lt & == Lt — =0
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Art-5. Indeterminate Form o — o

If Lt f(x)= Lt g(x)=oo,thentodetermine Lt [f(x)—g (x)], we write

X X—a x—=a
1 _ 1
x X
fx)-gx)= g(x) 1 A which is of the form % as x = a and can be evaluated
f(x)g(x)

by using L’ Hospital’s Rule.

ILLUSTRATIVE EXAMPLES]

1
Example 1. Evaluate’ Lt (—-—l] :

=0 (,-" -1 x
( 1 ]] | -
Sol. Lt - — : (o0 — e form)
x—>0 e'\. — l X d
" B | . \
= Lt X__C__“*;l ' e (Q formJ
x= 0| x(e' -1) . 0
[ + _ LK
= Lt l._ e = Lt 1 - . (-Q form)
¥=20) x.e¥ +(e’ =1).1 v20 vo¥ 4o - 0

N\

wh
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.cﬂ—.m—n,;__lcf._.ﬂ FORMS
N L ul 4 .
528 BRILLIANT OH,EW a\u_can the following limuts :
Exd
L —e" 1 I|P 1 2 A..V Lt 1 1
= Lt == - ) . _— L (i —_— .
-+ 0 .—.n-.in._.re- 0+1+1 2 A; nmhm— Hul_ H&I— a0l 2x .ﬂﬁﬂ.-—.t.:
1 1
Example 2. Evaluate Lt nc_~,~|4 1 1 . L e—
E 2 = (v) Lt |—
gl & @ L g -1 x-2 (>1lx-1 logx
(P.U.2001; GN.D.U. 2007, 2009: H.P.U. 2008,
1 1 .
) Lt |———log (1+x)]|.
Sol. Lt noaN all—l (- x ‘,o_.:: A—v . iopwr.d. Hw
1—+0 ku
5 5 Lt h 1 2 (o — = form)
I.ll I| . ~. -
= Lt _4 et |- g X = ::w - sol. (1) VT T
x=»0\tan’ x  x? =0 x-tan” x .
f+1-2
1 2 _ X Fame
x} —uan’x x 2 = Lt - = = Lt 2 2
= L ﬁ . g a2 -1 (-] T =D )
x-»0 o tan x -
! 2 1 1 1
2 2 i x“ =1 =
- X —tan” x 1 . X = Lt = Lt e B
umwc x* e ’ .—..u:SI:au_ ol (x% - 1) (x4 1) 1ol x4y 1412
? —tn? 1 1 w0 — oo form)
- g Emt0Cx mm L | —— (
=0 ! 0 ot i 2 0|2x  x(™F 1)
2 X _ X
- 1 2X-2manxsectx 0 2x-2tanx(1+tan? x) i - Tg Sl 2o it aqp hm _.ozsv
¥—+0 ax’ x-0 4 =0 2x(e™ 41) £202x(e™F 41)
T
- L X-tanx -tan’ x 0 = Lt "t = LS .
r=0 25" ﬁu aqsw i =0 2x (") + (T 42 0+ (1+D(Q2) 4
2 2 2 " 1 1 ,
% L 1 —sec” x - 3tan” xsec” x (in Lt - [® ~ o form]
=0 32 x=+2{log (x=1) x-2
V x=-2-log (x-1) : AoA u
2 2 2 & -
- L 1-(I+1an° x)-3tan 1_4_?‘.: « .mu (x-2)log (x-1) 0 form
=0 2
X = O.ﬂ ' —
= 0
2 2 4 - X = 0.
= Lt I -1-1an alum_s x-31an" ¢ .._nmm xlu..._o.:l: hor::Q
- v 0 612 — g (:
. » — ~
. -4an® 1 - 3tan® x C g 43ant 2 —_
._n.'_s oe —_ —;: ¢-~n= \ .h_p_fu | oL (x- 1)} L -2 R
* ; ’ . ’ =01 ?.|:.—l?.|uv._+ 1 ¥ob 2 1 R 1 1ol 2
. 440 m?=-2 -1l x=1 (x=-137 x-1

e i
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530 BRILLIANT CaLcy Us
(iv) Lt x 1 (o= -
x=>1\x~-1 logx 8?::_
xlogx-x+1 ﬁo
= Lt =
r=1 (x-1)logx 0 mo:su
X _.v_omq 1-1 »
= Lt -3 : = Lt Noma
il (x=1) —+logx.1 g X +log x
x X
1
= m\— X = — ".W.
x=>1 xd=(x=-D.1 1 141 2
- 3t
x2 X
1 1
v L —_———
(v) ..|'~o - log (1+x) (= ~ = form)
- L x—log (1+x) 0
[ e
1 1
1- 2
- ~l~ 1+ x - —\n A—.?\Nv H|-
x— 0 2x -0 2 N.

Example 4. Evaluate the following limits :

) 1 1
0 4m..c =5 - (i)

(G.N.D.U. 2008)

i 1
(ir) Lt hllnc:u (iv) Lt I_ll.nol_.H
v=20\Xx t— 0 .4u X
(v) r.a (sec x - tanx) (v) Lt (cosec x- coty).
— -0
2
. ; 1 1
Sol. (i) .—.ﬂ_ —-— (= - = form)
20N sty
2 2 2 2
sIn® v -x Tx=x"
« T LR o 1 sin” x = :
t20 xfsintx 0 T.:J-
ﬂ e —
. X
u:n g ]
X -x .
= Lt RS —— -+ Lt .llm::n;
v 0 Y L \! -

. 5
e e o

INDETERMINATE FORMS S31
\‘" 5
i - in2x—-2x 0 \
- L 2sinxgos x-2x _ Lt sin2.x ﬁl form
r—0 . 4x> r=0 4x° 0
-
- 0 K
- L 2cos 2x -2 ﬁl ?:i
o0 gl ? ’
—45i 0 )
= Iy 4sin2x ﬁl 3:&
(S0 24x 0
—-8cos 2x  -8x1 1
= Lt = =-—.
r—0 24 24 3
(if) Lt ﬁhl ._ w (e - o form) °
t—+0\x sinx
iny—x inx— sinxy = x 0
- Lt m::.“ XL m_sa. LA . hl mc::v
t0 xsinx xs0 2 hm::u v 0t 0
<A\
- 0
-, b S5k ﬁl forim]
r—0 2x 0 .
= rn —SILX = u = o.
t—0 2 2
1
(itry Lt hll cot .@ (= - o form)
Xx—»0\X
- i hh 1 u oy Bnx-vy
x-»>0\X fanx t=»0 xtanx
. anx-x L lanx-—x ﬁm. n.o:.:v
v 0 4uh_u=>v X0 2 0
' X
& I sec? x -1 ﬁo_.
V02X 0 c..:._y
& W 2secx.secxtany  2secO.sec0.tan0 2 x1x1x0 6
x40 2 2 2 S
. 1 col x
(iv)y Lt o (e — o= form)
t—+0\y X
. T F,.. | - Lt tanx - x
x>0\ - xtanx x=0 .4~ tan x
p _ — \
— anx -x _ Lt S:.M X A 0 form |
x=0 —.whﬁu:.«u x>0 X 0 J
- X
5 ’ 2
sec” x—1 _ fan~ x

| tanx)~ | 2 1
Lt Lt =— Lt ﬁ u ==x()"==.
x=0 uHu Tt U uhu Jim0N x “._u.A v 3
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: _—— ETERMINATE FORMS
532 BRILUANT CALCUL IND

— L -
® - @ i
M Lt (secx-tanx) -=om | MLLUSTRATIVE EXAMPLES
v -.mm . | ”
g ] -sinx 0 | ceqmple 1. Evaluate Lt sinylogx
- L 1 _sinv ) | 2—/—= hm _o:sv | Examp oyl g
- 2 cos X cosx - i R . " ) AC e ~.G_._=v
2 2 . sol. Lt (sinx logx™) '
0 x>0
- S X .
- I} no.m X _ Lt no. == =0. | 3 , . \
a —sinx a siny 1 w I log x —_ :Ei.
L I i = t >
2 2 { r»0 |
(vi) Lt (cosecx-cotx) (¢ — = fonm) m sinx
=0 w 1
—.2x .Y \
1 -cos x 0 ! 2 2 sin~x X
= It ﬁ LIRS, uu = U — hl .,ozsv | - B . X =2 Lt |———
r—0isinx sinx/ r-0 SInX 0 x—0 COSECY  t—0 —COSECXCOtX a0l gt cosw
sinx 0 ‘
= Lt =—=0. inx)? 1 =
t»0cosx |1 =-2 Lt ﬁmsav Lt L P =-2()X = X 0=0.
=0 X x—=0cosx r—0 1
Example 5. Evaluat h . u _ ’ n; '
v RS Ca xapx 2 RS Example 2. Evaluate Lt (1- .:s:.ln ‘
x l'.ﬂ _ x—=1 2
p t ax 0. oo
Sol. Lt |xmnx-scc au (= - = form) Sol. Lt (I-x)tan— (0. e form)
n 2 x— 1 2 =
I 1 0 v
. = Lt -z ﬁl ?:L
- i xsinx & - 2xsiny -7 hm ?-Ew =l 4|~4 0 J
X\ cosx  2cosx L, X\ 2cosx 0
2 2 - 2 2
= —\n ! Hh..m:.uum "WXAuv"“ .
2 b n 25 T | vl XX X n 2 T T
- Lt 2xcosx +2sinx) TGS ANNT 04241 y A 2
‘ -2 si ) 1 - ! )
= W sinx -2 n_=|~.. ol Example 3. Evaluate the following limits :
2 i () Lt (1-sinx)lanx (i) Lt sec Xl 1o )
»——=-] x x=1 2 X
-2 1
‘ 2
Art-6. Indeterminate Form 0 . o | 1 ax
| (i) Lt xtan ﬁP - uw (iv) Lt (e-x)tan|=—
If Lt f(x)=0and Lt g(x) ==, thentofind Lt /(x)g(x)we wnte f(x) =20 2 T e 2¢
\ = I1=-»0 U= a . .
(x ? (. . 1 . ]
L) = ALY or £ which are of the form 3 of — as x = a and can be evaluated (v) Lt xtan— () Lt 2%sin|—|.
1 1 0 S =7z X N7 24
) $¥) /) Sol. (/) Lt (l-sinx)tanx ] (0. = form)
by using L. Hospital's Rule. PN !
=

The form 0, (- ) is also evaluated in the same manner.

. e —
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BRILLIANT CALCUL g

——

Cein v 0
21y 1 -sinx ﬂl ﬂ.o::u
a  cotx 0
X =) —
2
/4
—Cos X S 2 0
= Lt .N = == =0
X —cosec’x  cosect X 1
2 2
iy T X 1
ii Lt sec—Ilog— i
(i) Pl 5 ow.« (0. ® form)
_cmm.
- L X gy DI Aw _,oa_u
x=1 T X x— 1 TX 0
cos cos —
2 2
1 !
Y1 T, X a7 . 7 x
-Zsin— ——sin— —xI1
2 2 2 2 2
.. n
iii Lt t hll w
( v.ﬂlvokm: 2 * (0. = form)
X
= Lt xcotx= Lt =1.
x—0 r— 0 tanx
. TX '
(i) Lt (¢-x)tan ke (0. « form)
roc 2¢
c—X
= Lt hm ao:.su
R N aTx 0
cot | —
2c
-1 -1
n
72 cosec? X)) -Zcosec?Z T
2c 2¢ 2¢ 2
| 1 ®
(v) Lt xtan— Put x¥ —, h>0 sothat h > 0+as ¥~
X = X < oh
1 - tan/r
= Lt —tanh= Lt h un_.
h—0+ N h=>0+\ I
, a
(vi) Lt -2%sin|— (0 . oo form)
X—w N.—.

Example 4. Evaluate Lt

INDETERMINATE FORMS - 535
— .
. a
sin | —
- 2" 1
= Lt ———— Put x=—, h>0 sothat i=0+as x>
X — © IHI \n
Nh
- . R _
sin |=_| cos h_l a2t log2. .Iﬁ-w >
. W 7 h”
= Lt 2 = Lt 2
h—>0+ -—l h—>0+ .||_ 1
1 2 M Jog2.| —
ﬁu Nb m \~r
L
= Lt acos|a2 "|=acos0=aXx1=a,
h—>0+

x™ .log x, where m>0.

x—>0+
Sol. l_u.c+ x™ . logx (0. = form)
X
log x ﬁ © \
= Lt i
x>0+ x~M n ﬁcgb
1
X 1 nr
= Lt =-— Lt x" =0.
x—>0+ I.S.«..E.._ mx—0+
Example 5. Evaluate the following limits
| 6) Lt xlogx @) Lt x" (log x) " mn€EN
i x>0+ x= 0+ A
| (P.U. 2006, 2008)
(i) Lt =xlogtanx (W) Lt sinx.logx
x— 0+ x =0+
i Sol. () Lt xlogx (0. = form)
x— 0+
1 f \
_ = =X |= form]
! x—> 0+ Hl_ x /
1
= Lt —f—=- Lt x=0
x—=0+ — Nlu x— 0+
Gy Lt x"(logx)" (0. = form)
x =0+
" .
= Lt (log x) m..m- ..o::.m

p r— 0+ x
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)
n=1 1 -1
a(logx)'™ .— log x)"
n (log x)
= L Lo-np'= L .
T 04 IE;\:T_ m -0+ X
a1
) (n=1)(logx)" "% .~
=-1. L n .
m x =0« I:_.n.u.:lJ
s nin=1 log x)" 2
s(-p =D, lopx)
m- =X x"m
_EDa-1..20 s (logx)" ™"
__=_: T O+ I m
= n n
L e N ok I
:—: x-»0+ .4.|:. _:: Iy »é\ O+
-1"|n 1
= l=~“| X0 I O R 0. m m./.w
m V= Oy
=0
(fir) . Wﬂ: x . log (tanx) (0. = form)
log (tanx)
- _—kﬂ ——— -HI I
T=» 0+ .—I A T _o_._:w
X
1 2
8_:.1?. X . .
= —\n —_———— o — ne” v
=0+ 1 _.m_c, hss;  iESgE. 1)
x*
A 3
T K| x LU xsecx
v 0+ lanx v 04
=1 X0:=0,
(iv) . n_wc. sinx. log x (0. @ form)
v —> 0+ COSCCX o
1
- Lt Y =- It hw:ﬂku X
X =» 04 —COSEC A COt X U4 X a5
=~ Lt L . Lt tanx
v 04+ X Y- O+
==1%X0:=0,

e
- i —

INDETERMINATE FORMS , 2

Art-7. Indeterminate Forms 0°, 1%, oo

[F)%'”, when

Here we are to evaluate Lt

R (]
() Lt f(x)=0= Lt g(x) (M Lt f(x)=1, Lt glx)=o
X—a Xa x-ra X
(i) Lt f(x)=w, Lt g({x)=0
X—=a I1—=>a
e proceed like this :

Let y =[£(x)* ™
Taking logs on both sides,

logy=log [/()]*Y = logy=g(x).log [/ (x)]

Now g (x) . log f(x) becomes of the form 0 . @ when x -» a and can he evaluated.

Let Lt g(x).log f(x)=1
Xr—a
S Lt log y=! = log Lt y={
X=>a r—=a
= g _ 1
> Lt y=e = Lt [/ =¢".
X—>na X=>qa

ILLUSTRATIVE E

Example 1. Evaluate Lt ;

X",
x= 0+
Sol. Let y=x"
& logy=logx* = logy=x logx
Lt logy= Lt «x.logx (0. o form)
v 0+ X+ 0+ ;
log x e
= Lt — .
em0s 1 hﬁ, _.o::u
x
2
= Lt —<-= Lt (-y=0
v=0+ 1 ko0 i
x2
Solog Lt y=0 = Lt y=¢
x—» 0+ x>0+
= Lt x'=1.
x>0+
Example 2. Evaluate Lt ?555.:.

t—>0
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'llr
1an x

Sol. Let y= (sinx)

© logy=log (sinx)™" = logy =tanx. log (sin x)

. — log (sinx) »
Lt log y= Lt Ttanx i = Lt = hlln
Bl | OB R [tanx . log (sin x)] B iy - form
1
——.COS X
= Lt MY - [t (sinxcosx)=-(0% 1)
0 _cosec”x x—+0
v Lt logy=0 = log Lt y=0
=0 i x=0
= Lt y= n.c ' - Lt ﬁmwz 35: X 1
x>0’ x—0 ’ .
« .— anx
Example 3. Evaluate Lt | —
x—=>0 HN
L e
Sol. Let y=|—=
x°
H lanx
“ logy=log = = logy=tanx [log 1 -logx’)
‘ X

= _omu_nnus.lolw_omi = logy=-2tanxlogx

o Lt logy=-2 1Lt

o A tanx. log x (0. = form)
log»
=-2 Lt EX hwo. ?_,Eu
x—>0 cotx ] =x
1
. = sin x sinx)?
=-2 Lt =2 Lt =2 Lt hlw e
x=0 —cosec”x x—=0 X x=0 X
=2(1)*.0
S Lt logy=0 = Jog Lt y=0
r—=0 =0
lanx
0 1.
= Lt y=e = Lt |— =1.
x=>0 r—=0 .4N
1
sinx) ¢
Example 4. Evaluate Lt : (G.N.D.U. 2006; P.U. 2006)
x=0 X ¥

—— i — — -

[\DETERMINATE FORMS ' 539
-
1
Let ) sinx)x
. Le =l —
Sol - .
1
sinx)x 1 sin x
logy =log| — = logy=—log
X X X
in
Lt logy = Lt 1 log sy (0. e form)
x=0 x->0Xx X
sin x
log | —
X 0
= Lt — form
x—0 X 0
X, XCosXx —sinx
Lt sinx x2 - g XSosx- sin x
x—0 1 x>0 X sin x
XCOosx —sinx X cosx-—sinx
= Lt = Lt
x>0 2 sin x x>0 x2
X
- L — X Sin X + €OSs X — Cos x _ Lt xsinx
. x=0 2x x50 2x
1 "
=—-— Lt m:._kull—.xono
2 x50 2
Lt logy =0 = log Lt y=0
x—0 . x—=0
1
Lt y= 0 o g |Snx|v "
x>0 x—>0 X
LS
Example 5. Evaluate Lt |SoX|x? | (P.U. 2002; 1.P.U. 2008)
P x=0 X
il : .
Sol. Let y= hm_iu o .
X
L .
. _ sinx) 2 ; . hms.av
< logy=log hll.. " u = logy 2 og | —
1 sinx
= Lt — .lo ﬁlu (0. ¢ form)
xullmo—omw ulvoam ¥ x
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=0 o pmussrOnu
- (sinx
_OW h u §) X
. L 5 fom|
. v — 0 >.w
u X X cos X —SsinX .
.M o 2 X COS X —Sin X
i o gy S X - L -
A0 2x v\ 0 2x° sy
¢ ¢ —sin X xcos x—sinx - 0
_ g Xeosx-sinx 1 : hl form)
150 +( sin x 2 =0 N 0 ;
2x°
X
_1 —xsinx+cosx—cosx _ 1o 0 sy uvH:
=% 1 2 ’ 6 v=->0 X 6 )
_ 2 x50 Ix
Lt 1 : log Lt :
i t 0 ) = = op .,.Hll
x—>0 &) 6 s x>0

Example 6. Evaluate

Sol.

o —OW y=

e
Lt _r::-hw + Mu !
x—>0 4

7 : T
log B:AH.TQ ! nm._om Esh|+.,.u

4

X

T
log ::.AI + L

) 4
B Lt logy= Lt =0
v — 0 v—0 X
P 4
1 nOmMIhI.Th
= Lt ) = Lt
rt—=0 mhn‘ .hﬁ v
cos™| —+ x| sinf—+x
4 4
2 2 7
. - = Lt = Lt ==
R} x — 0 cos 2x 1

_émqm_s:zﬁn ForMs

541

—_—

Lt logy=2
=0
= Lt y=¢
x->0

= log Lt
x -» 0

v=2

!

T C
= Lt Esﬁlthv e

>0 4

Example 7. Evaluate the following limits :

) Lt x0T

r—> 0+
iy Lt (x-a) 1
I (R4
(v) Lt (tan .&:: k
>0+
Sol. (i) Let y=x"""

SN X

< log y=logx

Lt logy= Lt sinx.logx
x—>0+ x> (s
log x
= Lt 5
¥ - U+ COSeC X
1
= Lt X - Lt
x -» 0+ —cCOSec X cot X ¢ 0
sinx
=- 1Lt . Lt
T2 0+ X x> 0+
Sodog Lt y=0=> Lt y=¢ =
x = 0+ x> 0+
1
(i) Let y= x '8
1
e . ﬂ .
< logy=log x 0BT - Jdogx=1
log x

oLt

x=>0+

logy =

|

= Lt . x o

x>0+

(if) Lt
x » 0+

(iv) Lt
x—>1-

(vi) Lt
T
x>

= logy=sinx.logx

1 = log Lt v=1 =

t—>0+

=e.

logx
P el

1

PRSI

(- dwvr.wz-..

LCOs X
(cos x)

. /
m_=.ﬂ
(S )
X

tanx=-1x0=90

t—> 0+

— torm

(0. == form)

\
)

iV

e

B

|
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BRILLIANT CALCULy
A—:‘v —lhnv\uunklﬁvl.:
S logy=log (x-a)* " = logy=(x-a)log(x-4a)
Ly dogy= Lt (x-a).log(x-a) (0. = form
X-ra+ X-»a+
- Jeglx-a) hh as_,_
T-sae 1 =
X-a
1
- Fun X =a =- Lt A.Al.avlc
X-vaes _ 1 o o4
(x-a)?
oL logy=o0
X-ba+
= log Lt y=0 = Lt y=e® =» Lt (x-a)' " "=1,
k=t as X-»ae I-raé

(iv) Let y= (1-x? v_o-:-:

|
o’ wOWV..~°N A_I..NNvaN——D.-v - 1

log (1 -¢
log (1-x) 8l )
. log (1-x?) ﬂs \
< Lt logy= Lt -
X - 1- By x—1- log (1-x) € Q«J
-2x
2
- oL d=xa g 2202
- l- 1 r=1-l4x 141
1-x
o Lt logy=1 w log Lt y=1 » 4 y=e'
T |- - l- L= |=
|
- Lt (1-xt)lst-n o
L B
(") Let y = (tan x)""
_on.«.l_om:n:i.su. » Jog y = sin 2x, log tanx
Lt logy= Lt sin2vr.logtanx (0 . = form)
X =0« £ x—=0e
o g Jlogtanx , AH aoasd
A =20+ COSCC2X \x .

INDETERMINATE FORMS

543
1 2
L ana T & 1oy, Sosx 1 sin® 2x
= o — " . .
10+ —2cosec2xcol2x 2 x-»0+ SINX g2 x €OS2X
cos x . sin2x
-l Lt — X - x sin2x., 3
2 x50+ sinX ¢l ¢ cos 2x
=- H Lt nmma x : .2sinx.cosx tan 2x
2 x50+ sinx ¢ ¢
=- Lt (lan2¢)=0
Y20+
Lt logy=0 = log Lt y=0 = Lt y=¢
Ve ogy = = Jlop ) =
x=20¢ By T.lOo. v 0«
= Lt (anx) =1, .
v+ 0«
(vi) Let y=(cosx)™*
S logy=log (cosx)“™* = cos x.log cos x
~ Lt logy= Lt cosx.logcosx (0 . » form)
ey o, g
2 |
_ J ] .\
- Ly SIBY hlb.. _.cz.._w
X secy 0
=
2
. . A(~sinx)
0s X
= Lt == Lt cosx=0
X s¢cxtan x x
X —- X - ——
2 2
S Lkt logy=0 = log Lt ,y=0 » [t yp=g"
el —_ a_
u N X ~» Ml
> Lt (cos .32. Yay,
- Wn
Example 8. Evaluate the following limits :
i
M Lt (l+x)° (in Lt (cotx)" (H.P.U. 2006)
N~»r £y
(i) L .nc:v.s Y (iv) Lt (an .:_._:u_
T-sle

T
Y op ——
R

(11.9.U. 2007)
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544 ——— —
\
r‘v.  §
A% Tl ; v (coty)
® L TU o L (¢
Y S sm 24
. in Lt (secx)™" G zm__.:' (cotx) '
X - m-
1
Sol. (i) Let y=(1+x)*
& 1
o Jogy=log (1+x)¥ = logy= < log (1 +x)
v o o] X\
S Lt logy= Lt log {14.) hﬂ. _.c:,:v
X - &7 X -0 X :
i
1
= g EXa oy =0
- x 1 r—»mo l+X
- —L —Om ‘«. =0 = —DW ~A~ y = 0 = —..a ¥ = h.: .
X — X~ x X—»x
3
= Lt (1+4x)* =1.
Xt~ L
(i) Let y=(cotx)"
< logy =log (cotx)" = x. log cot x
Lt logy= Lt x.logcotx (0. = form)
v 0+ -0+
— 4 g n ,._
= Lt CREONE AH. foim!
x -0+ P \x /
X
1 2
.(=cosec™x) by
= L cotx sinxy X

I = It

t-» 0+ _ L
b
2
x 2
= Lt .E:.ﬁlu 20X 1=0
N R sinxy
S Lt logy=0 = Jog Lt y=0 = Lt y=.°
t=» 0+ T ) R X-»0s
= Lt (cotx)' = 1.
X=» 0+

(i) Let = (cot

~ log v = log (cotx) ™™ "

,d,v sinx

=sinx . log (cot x)

_./U_...._.mz./:z..r.:“ FORMS

545

—
Lt logy= Lt  sinx.log(coty)
x— 0+ - 0+
log (cotx)
= Lp o (cotx)
x— 0+ C€OSeCX
1 ( ) 24
—cosec” X
' cosec X
= —n~ cot x = It =
x>0+ —cosecxcotyx v 0+ cot® x|
1
’ P in. 0
- Qg Sinx g, m_s,.« = =0
v 50+ cos?y ¥0+ cos”x |
- :
sin” x
Ul
Lt logy=0 = log Lt y=0 = Lt y=e
x =0+ ) v 0+ v— O+
g Lt ?S...S:: =1,
x-» 0+
bl
(") Let y=(tanx)*" "
o logy=log (tanx)™" 2 = in2r. log (tan x)
Lt logy= Lt sin2x.log(tanx)
v X g
2 2
T log (tanx)
‘x cosec2x
X ==
2
. 1 2
.sec” x
= L 1an x
., & _ —2cosec2xcot2x
=
1 cos X 1 . sin2x
o, = L =y .sin2x
< s &M- SIMY cos® x cos 2x
1 11 :
o Lt g .2sinxcos x. tan 2x
2 A sinX €os X
A 4 IJ..!
=- Lt 1wun2x=0
T
X - ==
Lt logy=0 = Jog Lt »=0 = Lt
X T T
-...vlu.l1 . .nlvlu. ~ .4!v”l
sin 2t
= Lt (tanx) =1
T
- —-
2

(0 . = form)

=l
— form
xn

(0. co form)
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1y tan (vii) Put y=(secx)" {
v (V) Letys= ﬂ|u coL v ﬂ
X . s logy = log (sec x) = logy=cotx.log(sec ) _
unx . —
) 1 ] A Lt logy= Lt cotx.log(secx
S log y=log hhu =tanxlog — =—tanxlogx = g) L g ( )
X X N> —— U =) ——
2 2
s Lt logy=- Lt tanx.logx . (0. e fony) 1
x=0+ X =04+ log {sec.x) .sec.xtanx
= ) s ﬂwl _,c_._:w = = —= L e 2
x>0+ COLX . = r X_ lanx Xy e see” X
2 2
1 . .
= ine sin . :
e EX B gy 0% = 1Lt " cos’x|= Lt (sinxcosx)
x>0+ _cosecly X0+ X Eapikia DOSE X 5 ’
2 2
2sinxco |
= Lt o maumﬂ_.Onomonmex_uc . - { S
X->04+ 1 um__._MnomM =1X0=0 i
S Lt logy=0 . .= N .
ey BRY = log . Wﬁc., y=0 = . |—w:+ y=ue | F _.un.. logy=0 = log Lt y=0 = Lt yp=¢
: i X == x prbs YL
1\ lenx 2 2 2
= Lt h...q =1. ix
=0+ \Xx i = Lt Amnnav..::n 1.
gL
\ 2
(vi) Pwt y= (cot kv_cm« (viii) Put y=(cot .&5: 2y
» n?2
_ ! : s logy=log(cotx)*' = log y = sin 2x . log (cot x)
© logy=log (cotx)"®* = logy= lo :
. i - log (cot x) S Lv logy= Lt s ) ‘
log x w o, 98 Lt sin 2x . log (cot x)
. u - \
S Lt logy= Lt log (cot x) A\. ; 1
: * . — form 2
V- 0+ 0+ logx —cosec™ x).
x— 0+ log T v e L log (cot x) - L e .f.A cosec” x)
1 R Ty 0+ €OSEC2X  x 04+ —2cOSeC2y cot2y
: J(=cosec”x) | .
- 1y JSobx == It X - 1 sinx 1 i 7
0 1 — \ =— Lt I x si sin2x !
e = T 0+ SN cos & 2 a0+ |c0s X gyl o sin u.«.lnom =
X 1 1 < =1 1 1 .
e Ut —=— [l e——=o|xd e - Lt K = X 251X Cos X .
v-» 0+ SINX ¢ -0+ COS x . i \ ! J 2 xo0+{cosx  sinx TR
Lt dogyE-1 = Jog Lt y=- — = L un2v=tan0=0 ;
o, £ gt ) 1 = ‘.—np:. yE — P 1
| Lt logy=0 :
log ¢ 1. ' N=» 0+
= Lt (coty)BY ==" .
x> ¢ = op Lt =0 = v am oV 2 : !
— log x= 0+ } X m”~?v S - Lt (cot .:,..:-. o],

Ver e
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